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Abstract 

We conjecture a simple relationship between the one- loop maximally helicity violating gluon 
amplitudes of ordinary QCD (all helicities identical) and those of ./V = 4 supersymmetric Yang- 
Mills (all but two helicities identical). Because the amplitudes in self-dual Yang Mills have been 
shown to be the same as the maximally helicity violating ones in QCD, this conjecture implies that 
they are also related to the maximally helicity violating ones of N = 4 supersymmetric Yang-Mills. 
We have an explicit proof of the relation up to the six-point amplitude; for amplitudes with more 
external legs, it remains a conjecture. A similar conjecture relates amplitudes in self-dual gravity 
to maximally helicity violating N = 8 supergravity amplitudes. 
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1. Introduction 

The development of sophisticated techniques [1] for computing one-loop helicity amplitudes in four- 
dimensional gauge theories has allowed various workers to obtain explicit expressions for a number 
of infinite sequences of such amplitudes [2,3,4,5]. In particular, the nonvanishing maximally helicity 
violating (MHV) one-loop gluon amplitudes in QCD (where all helicities are identical) and in iV = 4 
supersymmetric Yang-Mills (where all but two helicities are identical) are remarkably simple. This 
suggests that they may possess an additional symmetry beyond the gauge symmetry. 

At tree level, Nair [6] has observed that the MHV n-gluon amplitudes [7] (also known as 
Parke- Taylor amplitudes) may be derived from a free-fermion Wess-Zumino-Witten model which 
contains an infinite-dimensional symmetry algebra. (The construction was actually for an N = 4 
supersymmetric gauge theory, but the superpartners do not contribute at tree level, so the results 
also apply to ordinary QCD.) Duff and Isham [8], and more recently Bardeen [9], have pointed out 
that tree-level gluon currents with all identical helicities in ordinary QCD may be obtained from 
self-dual Yang- Mills. Selivanov has also produced similar results using a different ansatz [10]. Self- 
dual Yang- Mills is the prototypical integrable model and as such possesses an infinite-dimensional 
symmetry algebra [11]. In a spacetime of signature (2, 2), it arises from the N = 2 string [12]. 

Recently, Cangemi [13,14] and Chalmers and Siegel [15] showed that a connection between 
amplitudes in self-dual Yang-Mills and the maximally helicity violating all-plus helicity amplitudes 
in QCD continues to hold at one-loop. Indeed, the one-loop amplitudes generated by various 
self-dual Yang-Mills actions [16,17,15] are identical to the QCD all-plus helicity amplitudes. It is 
intriguing that the action of Chalmers and Siegel leads to a perturbatively solvable theory: the only 
non-vanishing amplitudes in the perturbative expansion are the known all-plus helicity one-loop 
amplitudes in QCD! Bardeen has suggested that an anomaly in the symmetry algebra determines 
the structure of these amplitudes [9]. 

In this paper we examine the relationship between the one-loop MHV amplitudes in N = 4 
supersymmetric Yang-Mills theory and the all-plus helicity QCD amplitudes (i.e., the self-dual 
Yang- Mills amplitudes). We conjecture a 'dimension shifting' relationship between the two sets of 
amplitudes, in which the all-plus amplitudes are given essentially by evaluating the loop integration 
for the N = 4 MHV amplitudes in a dimensions larger by four(D = 8). We have explicitly verified 
the conjecture for amplitudes with up to six external legs, and have evidence that it holds for 
an arbitrary number of external legs. A similar conjecture can be made to link the one-loop n- 
point amplitudes of self-dual gravity [18,15] (the all-plus helicity graviton amplitudes), with MHV 
amplitudes in N = 8 supergravity. We have verified this conjecture for the four-point amplitude. 
The underlying symmetry responsible for the simplicity of these amplitudes, and their relation to 
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each other, remains to be clarified. 



2. Preliminaries 

We now review two basic tools necessary to present the conjecture, namely color-ordering and the 
spinor helicity formalism. Further details may be found in review articles [19,1], whose normaliza- 
tions and conventions we follow. 

One-loop SU(N C ) gauge theory amplitudes can be written in terms of independent color- 
ordered partial amplitudes multiplied by an associated color structure [20,21]. As a simple example, 
the decomposition of the four-gluon amplitude (with adjoint particles in the loop) is 

Mi*, ki, £i }) =9 A ^2N C Tr(T a ^T a ^T a ^T a ^ )A i;1 (a(l), a(2), a(3), <r(4)) 
<j 

+ g A ^Tr(T a eWT a ^)Ti(T a ^T a ^)A 4;3 (a(l), a(2); a(3), a(4:)) , 
p 

(1) 

where we have abbreviated the arguments of the 'partial amplitudes', A n .j, by the labels i of the 
legs and the T ai are fundamental representation matrices, normalized so that Tr(T a T b ) = 5 ab . The 
p and a permutation sums are over the ones which alter the color trace structure. The structure 
for any number of legs is similar, with no more than two color traces appearing in each term (at 
one loop). String theory suggests, and it has been proven in field theory, that the A n .j > i may be 
obtained from A n -\ by an appropriate permutation sum [21,4,22]. Thus, we need only consider the 
A n -i — they contain the information necessary to reconstruct the full one-loop amplitude, and any 
identity proven for the A n -\ extends automatically to the full amplitude. 

The relations we find are for special choices of the external gluon helicities. In the helicity 
formalism of Xu, Zhang and Chang [23] the gluon polarization vectors are expressed in terms of 
Weyl spinors \k^) as 

<(fc; g )= (9 >' fc " ) , e-(k- q) = ^\ k+ \ (2) 

^ V ' V2{qk) ^ ' V2[kq] V ' 

where k is the gluon momentum and q is an arbitrary null 'reference momentum' which drops out 
of final gauge-invariant amplitudes. The plus and minus labels on the polarization vectors refer to 
the gluon helicities and we use the notation (ij) = (k~\k+) , [ij] = (kf\k~). These spinor products 
are anti-symmetric and satisfy (ij) [ji] = 2ki • kj. 

When performing a calculation in dimensional regularization [24] it is convenient to choose a 
scheme which is compatible with the spinor helicity formalism. We use the four-dimensional helicity 
scheme [25] which is equivalent at one loop to a helicity form of Siegel's dimensional reduction 
scheme [26]. The conversion to the standard MS scheme is discussed in refs. [25,27]. 



3. Previously obtained amplitudes. 

The simplest one-loop QCD n-gluon helicity amplitude is the one with all identical helicities [2,3], 

, g iuon fl+ 2 + +) i_ ti-[hi 2 hh] c( ) 

An * U ' 2 > - 48vr2 2^ (12)(23)---(nl) +U(£j ' ( 3 ) 

l<ii<i2<»3<«4<n N ' v ' x ' 

where tr_ [21*2*3*4] = ^tr[(l — 75)^, jti^jt^jt^] and the label 'gluon' denotes a gluon circulating in the 
loop. As indicated by the '+' superscripts on the gluon labels, we have chosen the all-plus helicity 
configuration; the all-minus helicity configuration is related by parity. This amplitude contains 
no poles in the dimensional regularization parameter e = (4 — D)/2; it is both ultraviolet and 
infrared finite. In a supersymmetric theory identical helicity amplitudes vanish by a supersymmetry 
identity [28]. This implies that the contribution of a massless adjoint representation Weyl fermion 
or complex scalar circulating in the loop is the same up to a statistics factor [29,2], 

^calar (1 + 2 + >n+) = _ fermion 3+ _ . . >n+) = ^-"(1+ , 2+ , . . . ,n+) , (4) 

where the labels 'scalar' and 'fermion' again refer to the particle circulating in the loop. 

The next simplest amplitude is the N = 4 supersymmetric Yang-Mills MHV amplitude [4] , 

<r 4 (l + ,2 + ,...,r,...,j-,...n + ) 

= (47r) 2 - £ (1 2) (2 3)^ • • (n 1) ^fci/Wi^-ife-P^+Mi-i] ^fiifia 26 + C '( e ) ' 

where P^j = Y2m=i and only legs i and j carry negative helicity. (For notational convenience 
we take the labels on the legs mod n.) The box integral functions I^ 4 ^^ are depicted in fig. 1; 
ii, 12 on the integral function label the two diagonally opposite massless legs. The formal definition 
for the ra-point integral functions is 

1 

where the Ki are the external momenta for the integral, which are in general sums of adjacent 
external massless momenta fcj for the amplitude, as indicated in fig. 1. The explicit forms of 
the box integral functions appearing in eq. (5), evaluated to O(e ) in terms of logarithms and 
dilogarithms, may be found in the appendices of refs. [30,4]. 



1° = *(-i r + / — h ^TTTT, , (6) 



i 2 + l 



Figure 1. The scalar box integrals appearing in the N = 4 MHV amplitudes. 
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The N = A supersymmetric Yang-Mills MHV amplitudes (5) have some features in common 
with the all-plus helicity QCD amplitudes (3). Neither contains multi-particle poles. The appear- 
ance exclusively of two-particle poles is reminiscent of the 'Bethe ansatz' for integrable systems [9]. 
On the other hand, the N = 4 supersymmetric Yang-Mills amplitudes contain infrared singularities 
as well as logarithms and dilogarithms which are not found in the all-plus helicity amplitudes. In 
this paper we will argue that up to an overall prefactor the two amplitudes are actually the same 
after an appropriate shift of the dimension D appearing in the loop integrals (6). 

In refs. [13,15] it was shown that self-dual Yang-Mills generates the same amplitudes as the all- 
plus helicity QCD amplitudes. These comparisons were done on the actions and Feynman rules, so 
that the equivalence holds to all orders of the dimensional regularization parameter, assuming that 
we are using a form of dimensional regularization that modifies the dimension of the loop momentum 
[26,25], but preserves the number of physical states to their D = 4 values. With this type of 
regularization we can define a simple analytic continuation of self dual- Yang-Mills (whose definition 
contains the four-dimensional Levi-Civita tensor) in the dimensional regularization parameter. 

4. The conjecture. 

The basic relationship we conjecture is, 

A^(l+,2+,...,n+) = -2e(l-e)(47r) 2 

where D = 4 — 2e and the dimension shift on the N = 4 amplitude takes e — ► e — 2 and l£ — ► 

It leaves the external momenta and helicities invariant (as well as the explicit prefactor of e(l — e)). 

One can motivate the conjecture in the e — > limit by recognizing that the box integral 
functions in the N = 4 supersymmetric expression (5) have a common logarithmic ultraviolet 
divergence as D — >• 8, I^ 8 ~ 2e ~ l/6e as e — ► 0, which is canceled by the explicit e on the 
right-hand-side of (7). One then uses 

^2 t r [&i-Pii+i,i 2 -ifo#2+i,ii-i] = Yl tr[i 1 ji 2 k] + ^ tr[iiji 2 fc] 

l<ii<i2<ri l<ii < j<i2 <k<n l<k<ii<j <i2<n 

(8) 

= 2 ^ tr[iii 2 *3*4] 

l<il<i2<»3<*4<™ 

to see that that these terms generate the 'even' terms in A^ aT (i.e., those terms obtained by 
neglecting the 75 in tr[(l — 75) • • •] in eq. (3)). On the other hand, one cannot check the 'odd' (75) 
terms in this way; we shall see (for n = 5,6) that they come from 0(e) terms in (5) which are 
promoted to O(e ) through the dimension shift. In other words, because it involves a shift in e, the 
dimension shift in (7) only makes sense when the amplitudes are expressed to all orders in e. The 
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(ij) 



,n 1 



D^D+4 



, (7) 



previously calculated amplitudes (3) and (5) are valid only through O(e ), so we must inspect the 
terms higher order in e to fully check the conjecture. 

The conjecture (7) may also be reformulated in terms of the loop momentum integration. The 
D-dimensional integration in eq. (6) may be broken up into four- and (— 2e)-dimensional parts, 
allowing us to define 

I D \u 2r ]=i(-l) m+1 (4TT) D/2 I d — (9) 

1 ~ [ ' [ ' J (2vr) 4 (2*)-* (pa - „2) . . . ((p - Ktf - /U 2 ) ' ■ 

where \i is the (— 2e)-dimensional part of the original loop momentum. (We follow the standard 
prescription that the (— 2e)-dimensional subspace is orthogonal to the four-dimensional one.) Ex- 
plicit evaluation of the (— 2e)-dimensional parts of the integrals relates the integrals with powers of 
fi 2 in the numerator to higher-dimensional integrals (see, for example, appendix A. 2 of ref. [31]), 
yielding 

/r 4 " 2 Vl = - c) ■ ■ ■ (r - 1 - e)I°=^-^ . (10) 
With the definition of the integrals (9) we may reformulate the conjecture (7) as 

<r 2+ ...,«+) = 2 <r 4 (i + ,2+,...,r r,...,n+)[^] (n) 

where the symbol '[/x 4 ]' indicates that we insert an extra factor of /i 4 into every loop integrand 
before performing the integrals. 

5. Evidence for the conjecture. 

We shall present evidence for the conjecture (7), but first let us address a seeming puzzle with 
it. The all-plus helicity amplitude is invariant under a cyclic relabeling of the legs, whereas the 
cyclic invariance of the N = 4 supersymmetric amplitude is not obvious, because the two nega- 
tive helicities break the manifest invariance. However, the cyclic symmetry of the N = 4 MHV 
amplitude, up to the overall prefactor of (ij) 4 , follows from a supersymmetry identity. To prove 
this, use standard supersymmetry identities [28] to relate the n-gluon amplitude to the two scalar, 
(n — 2) gluon amplitude. After interchanging the two scalars, which does not affect the amplitude, 
use the same supersymmetry identities to obtain an amplitude with the negative helicity gluon in 
a different position. This argument works for the iV = 4 multiplet because the two gluon helicity 
states are related by supersymmetry (without using a CPT transformation). 

We have verified the conjecture for the four-, five- and six-point amplitudes by explicitly 
calculating both sides of eq. (7) to all orders in e. To calculate the all-plus helicity amplitudes we 
use the unitarity-based method recently reviewed in ref. [1]. In this method the amplitudes are 
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constructed from cut loop momentum integrals, depicted in fig. 2, 
A n;1 (l,2,...,n) 

cut 

i 



J (2vr) 4 - 2e 



C-m.+st^i- mi, . . . , m 2 , £ 2 ) ^ e m2+mi+1 (-^ 2 , m 2 + 1, . . . , mi - 1, ^ 

^2 



cut 

(12) 

where £ is the loop momentum and £\ and £ 2 are the momenta crossing the cut. This equation is 
valid only for the cut channel. One then reconstructs the complete amplitudes by finding a function 
which has the correct cuts in all channels. 



m 2 + 1 




Figure 2. The cut amplitude corresponding to eq. (12). 

From eq. (4), for the all-plus helicity amplitude we only need calculate the case of a complex 
scalar circulating in loop. Thus in eq. (12) we require the tree amplitudes with all-plus helicity 
gluons and two complex scalars, and the integration is over the momenta of the complex scalars. 
When working to all orders in e, we must use tree amplitudes that are valid for D-dimensional cut 
momenta. In terms of the break-up of the loop momentum discussed in the previous section, the 
proper on-shell conditions on the cut legs are i\ — ft 2 = and £?, — fi 2 = 0, where £\ and £2 are the 
four-dimensional components, and fi is the (— 2e)-dimensional component, of the loop momentum. 
For practical purposes we may think of fi 2 as a mass that gets integrated over. 
Using recursive techniques [32,3] we find 

M 2 [12] 



A* ree (-^,l+,2+,£2) 

4 ree (-^,l+,2+,3+,^) 
Ar e (-^,l+,2+,3 + ,4+,^) = i 



(12) [(h-h) 



» 2 EU m 0-1/1 ii- 



[{h - h) 2 - jjL 2 ] (1 2) (2 3) [(£2 + k 3 ) 2 - fi 2 ] ' 

1 

Wi - h) 2 ~ V 2 ] (1 2) (2 3) (34) {(£ 2 + k 4 ) 2 - fi 2 } 



(13) 



^ 2 E^i 0" 

■ j=i 



|i->- 



M 4 [12] (2 3) [34] 



(h -h- k 2 ) 2 - ^ 

where the superscript s on £1 and £ 2 indicates that these are the scalar lines. 

Integrating these tree amplitudes according to eq. (12), and reconstructing the complete ana- 
lytic form of the loop amplitudes we have 

2i e(l 



^ c f ar (l + ,2+,3 + ,4+) = 



(12) (2 3) (3 4) (41) (4vr) 2 - £ 
7 



e) x Sl2 , 23 / 4 D = 8 - 2e 



(14) 



^scalar /i + «+ n + 4 + r + \ * 6 (1 C ) 

5:1 1 ' ' ' ' ' (12)(2 3)(34)(4 5)(51) (4tt) 2 - £ 



x 



r (l),D=8-2e . r (2),D=8-2e . r (3),D=8-2 e fl,^ 

S23S34J4 + S34S45-'4 + S45«51-'4 V ' 

T (4),D=8-2e r (5),D=8-2e ^ /, „ , , u i 

+ S5i«i2^4 +si2«23^4 + ( 4 ~ 2e)er(l, 2, 3, 4) 7 5 



/.scalar/-, + r,+ q+ 4 + c+ fi +\ _ * ^ € ) 

6;1 1 ' ' ' ' ' J (12)(2 3)(3 4)(4 5)(5 6)(61) (4vr) 2 - e 



1 

X 2 



2 tr[^ 1 f il+liia _ 1 ^ ia f ia+1 , il _ 1 ]/i? ;=;7 2e + (4 - 26) tr[123456] I 6 

l<i!<i 2 <6 

6 

+ (4 - 2e) £ e(i + 1, i + 2, i + 3, i + 4) /f' 2 ~ : " 

i=l 



D=10-2e 



(16) 



where = (A:, + fcj) 2 , the totally antisymmetric symbol is defined by 



e(i, j,m,n) = Ai£^ up(T k^kjk^ n k n — t r [75 ^ j jtj jt m jt n ] , (17) 

and In' 1 denotes the scalar integral obtained by removing the loop propagator between legs i — 1 and 
i from the (n + l)-point scalar integral. It is easy to verify that each of the amplitudes (14)-(16) 
properly reduces to the expression in eq. (3), using values of the integrals in the e — ► limit, 

e(l - e)7f = 8 " 2E - ± , e(l - c ) jf" - 1 , e(l - e )/ 6 = - . (18) 

We comment that these amplitudes may be converted to ones with a massive loop simply by 
performing the shift fi 2 — > fi 2 + ?n [31]. Just as in the massless case, a supersymmetry identity 
implies that the all-plus helicity amplitude depends only on the number of statistics- weighted states 
circulating in the loop; thus the above conversion (4) also applies for a massive fermion in the loop. 
One may convert these amplitudes from QCD to QED simply by summing over permutations of 
the external legs. 

We now compare the all-plus helicity amplitudes (14)— (16) with the N = 4 MHV amplitudes. 
The TV = 4 four-point amplitude was first calculated by Green, Schwarz and Brink [33] using the 
low energy limit of superstring theory. We obtained the five-point amplitude by slightly modifying 
the string-based [25,34] calculation of ref. [35] to keep the terms higher order in e. For the six-point 
amplitudes we used a string-motivated diagrammatic approach to ensure manifest supersymmetric 
cancellations [35,29,36], after which the diagrams were evaluated numerically. (Hexagon integrals 
Iq with external momenta restricted to four-dimensions are linear combinations of the six pentagon 
integrals 1^ [37,30]; therefore we had to reduce the hexagon to pentagons before making any 
comparison.) In all these cases we find that the dimension-shifting formula (7) is satisfied, thus 
proving the conjecture up through n = 6. 



What evidence can we find for an arbitrary number of external legs? We noted above that if we 
start with the N = 4 supersymmetric amplitudes (5) valid through O(e ), perform the dimension 
shift, and then take the e — ► limit, we reproduce all 'even' terms in the all-plus helicity amplitudes 
(3). This check is not definitive since terms of 0(e) can become terms of O(e ) under the dimension 
shift. For example, present in the five-point N = 4 amplitude is the (9(e) 'odd' term 

-2e £ (l,2,3,4)/ 5 D=6 - 2e . (19) 

After shifting D — > D + 4, and multiplying by the prefactor — e(l — e) this becomes 

-e(l - e) x (4 - 2e)e(l, 2, 3, 4)/ 5 D = 10 " 2e , (20) 

which contributes at order e° because the integral is ultraviolet divergent. From the explicit forms of 
the all-orders-in-e five- and six-point amplitudes, it is clear that the 'odd' terms arise from integral 
functions not contributing through order e° in A N=4 . 

As a stronger check, we may appeal to the universal behavior [38] of the amplitudes as kine- 
matic invariants vanish. Of particular utility is the behavior of amplitudes as two momenta become 
collinear [7,19,2,1]. In these limits an n-point amplitude must reduce to sums of (n — l)-point am- 
plitudes multiplied by 'splitting functions' which are singular in the collinear limit. The constraints 
of factorization are sufficiently powerful that in many cases one may obtain the correct amplitude 
simply by finding a function that satisfies the constraints [2]. Since the conjecture (7) holds for 
up to six-point amplitudes, consistency of the collinear limits suggests that it will continue to hold 
for higher-point amplitudes. This argument is not a proof either, given the possible appearance 
of functions which are non-singular in all factorization limits; these limits do not constrain such 
functions. An example of such a function for the n-point amplitude (if n is even) is 

tr[123---n] ^ D=n+4 _ 2e 



(12) (23) (34) ■■>!>■ 



This function does appear in the six-point (n = 6) amplitude (16), but only at 0(e). While collinear 
factorization does not prove the conjecture for n > 6, it severely constrains terms which violate it. 

Another way to check the conjecture (7) is to inspect the cuts (to all orders in e) on both sides 
of the equation. This is convenient since the cut of a one-loop amplitude is a product of two tree 
amplitudes integrated over phase space. Tree amplitudes are in turn easier to manipulate than loop 
amplitudes. The cut relationship implied by the conjecture (7) is shown diagrammatically in fig. 
3 for the case where the two negative helicities lie on the same side of the cut. (It is sufficient to 
check this case because of the supersymmetry identity proving the cyclic symmetry of the N = A 
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MHV amplitudes.) This may be expressed as 

J dLIPS ^ tree (-^,m+,...,m+,^) A tree (-^,(m 2 + l)+,.--,(™i - = 

2 / dLIPS y2J^ I A t ^(-£{,mt,...,i-,...,j-,...,mt,£ f 2 ) A tree (-4, (m 2 + 1)+, . . . , (mi - 1) + , 4) 

(22) 

where the summation is over the states /, of the N = 4 multiplet and the integration, dLIPS is 
over Lorentz invariant phase space with £i,£2 on-shell. 




(m 2 + i) 4 



mi - 1) 



4 J 



2/i 

w 




(m 2 + 1) 



(mi - l) 4 



Figure 3. Equality needed for conjecture to be true. In the cut on the left, only scalars 
cross the cut; in the cut on the right, the entire N = 4 supersymmetry multiplet appears. 

A proof of this identity would lead directly to a proof of the conjecture (7). We offer no proof 
to all orders in fi; but as a first step, let us consider this equation to leading order in fi 2 . The 
leading order on both sides is /x 4 . On the N = 4 side of the equation we can use the amplitudes to 
zeroth order in fj, 2 . These cuts were evaluated (to obtain those terms in the amplitudes which do 
not vanish as e — > 0) in ref. [4] with the result, 

. , m+,4) A tree (-4, (m 2 + 1)+ . . . , (mr - 1) + , l{) 



2£-^-(-4,<, 

,.4 

= 2 



■J 



<(mi-l)mi)(*i 4) 2 (ma (m 2 + 1)) 



(1 2) (2 3) . . . ((n - 1) n) (n 1) ((mi - 1) h) (h mi) (m 2 £ 2 ) (£ 2 (m 2 + 1)) 

4 

/ -■ 



A* 



(12) (2 3)...((n-l)n) (nl) 

^ I +[$lftm 1 ftm 1 -lF' m 1 ,m 2 h^m^ + l^m^f m 2 + l,m 1 -l] 

X [(*! - ^ mi ) 2 - /^[(^ + fe mi _!)2 - ^][(^ + k m2 ) 2 - fi 2 ][(£ 2 - k m2+1 ) 2 - m 2 ] ' 

(23) 

where we used i 2 = i\ — P mi ,m 2 = h + P mj +i, mi -i and I 2 = on the cut. We can now compare 
this result with the leading order in y? for the all-plus helicity case. Recursive techniques [32,3] 
lead to the general form of the tree amplitudes for n plus-helicity gluons and two scalars, 



A* ee (-£l,l + ,...,n + ,l s 2 ) 



M 2 E-=i[ni]<r|4|r 



[(h - h) 2 - fi 2 ] (1 2) • • • ((n - 1) n) \{i 2 + k n ) 2 - n 2 



+ <?(//). 



(24) 
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Using this expression to construct the cuts one reproduces eq. (23), so that eq. (22) is satisfied to 
leading order in /i 2 . (The overall factor of 2 arises because complex scalars are composed of two 
states.) The agreement, even before performing the phase-space integrals, suggests that, in general, 
on the cuts the conjecture holds for the integrands. 

6. Gravity. 

String theory implies that gravity amplitudes are closely related to gauge theory amplitudes. This 
observation has been used to obtain gravity amplitudes at both tree level [39] and at loop level [40] 
and suggests that one can find conjectures similar to eq. (7), but for gravity. 

Using the explicit results for four-graviton amplitudes obtained via string-based calculations 
[40], extended to all-orders in e, we find 

Af avity (l+ 2+ 3+4+) = -2e(l-e)(2-e)(3-e)(47r) 4 

_ 2<= 8 (l-,2-,3+,4+)[//] 
<12> 8 

where the amplitude on the left is the pure gravity all-plus helicity amplitudes and the one on the 
right the N = 8 supergravity amplitude. As in the QCD case, the all-plus amplitude is independent 
of the massless particle types circulating in the loop, but depends only on the number of states in 
the loop. 

Following the QCD case, we may conjecture that the relation in eq. (25) continues to hold for 
an arbitrary number of external legs. For gravity the one-loop amplitudes are not known beyond 
four external legs. One can, however, argue [15] that the above amplitudes will also correspond to 
those for self-dual gravity [18]. 

7. Speculations. 

In this paper we have provided evidence that two infinite sequences of maximally helicity violating 
gauge theory amplitudes, which at first sight seem quite different, are in fact closely related to 
each other through a "dimension shift" . Is this result just a curiosity, or an indication of a deeper 
relation between a non-supersymmetric theory (self-dual Yang-Mills) and a supersymmetric one 
(N = 4 super Yang-Mills)? We cannot yet answer this question directly. It may prove profitable 
to pursue the connection mentioned in the introduction, between maximal helicity violation and 
self-dual Yang- Mills theory [9,13,15], since the latter is known to possess an infinite-dimensional 
symmetry algebra [11]. (See ref. [14] for a review.) In two-dimensional integrable models, which 
are related to self-dual Yang-Mills theory through dimensional reduction, the extended symmetry 
algebra is responsible for a lack of multi-particle poles in the scattering amplitude. Bardeen has 



a n= 



;i" 2-,3+,4+) 



D^D+8 
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emphasized that the absence of multi-particle poles in the maximally helicity violating tree-level 
currents is reminiscent of the Bethe ansatz [9]. 

Thus it might be worthwhile to examine the other four-dimensional gauge theory amplitudes 
that lack multi-particle poles. The list of such amplitudes is quite limited. In non-super symmetric 
QCD, beyond one loop all amplitudes with six or more legs contain multi-particle poles, as can be 
verified by checking their factorization onto a product of two one-loop amplitudes. On the other 
hand, the nonvanishing maximally helicity violating amplitudes in supersymmetric theories (those 
amplitudes with all but two helicities identical) do not develop multi-particle poles, to all orders of 
perturbation theory. (The residues of the would-be poles vanish by supersymmetry identities [28].) 
The simplest of the one-loop MHV supersymmetric amplitudes are the N = 4 amplitudes, which 
is why we chose to investigate their relationship to the self-dual Yang-Mills amplitudes in this 
letter. (N = 1 partial amplitudes [5] are more complicated and certainly do not possess the cyclic 
invariance of the N = 4 amplitudes.) 

Finally, we speculate whether to take seriously the appearance of dimensions shifted upwards 
by four units (eight units for gravity) in the relations we have found. If we take e — > so that 
the left-hand side of eq. (7) is in D = 4, we find that the self-dual gauge amplitudes are related to 
the one-loop ultraviolet divergences of an ./V = 4 supersymmetric gauge theory in D = 8. (N = 4 
refers to the number of D = 4 supersymmetries.) Coincident ally, such theories have recently been 
considered in the context of certain (7 + l)-brane configurations in string theory (also known as 
compactifications of F theory on K3) where they describe the low-energy world-volume theory 
[41,42]. The corresponding theory for the gravity relation (25) would be TV = 8 supergravity in 
D = 12, which happens to be the "critical dimension" for F theory [41]. Perhaps it is also relevant 
that self-dual theories in four-dimensions (with signature (2,2)) have been proposed for the world- 
volume dynamics of F theory [43]. At this stage, though, it is safest to say that the underlying 
reason for the relationships (7) and (25) remains to be clarified. 
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